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Note on distortion and Bourgain ℓ1-index
Anna Maria Pelzar
Abstrat. The relation between dierent notions measuring proximity to
ℓ1 and distortability of a Banah spae is studied. The main result states that
a Banah spae, whose all subspaes have Bourgain ℓ1-index greater than ω
α
,
α < ω1, ontains either an arbitrary distortable subspae or an ℓ
α
1 -asymptoti
subspae.
1. Preliminaries
The study of asymptoti properties and in partiular omplexity of the
family of opies of ℓn1 in Banah spaes is losely related to investigating
their distortability, f. [17, 16, 19℄. The investigation of arbitrary distortion
of Banah spaes is onentrated mainly on ℓ1-asymptoti spaes. The rst
tool measuring the way ℓ1 is represented in a Banah spae is provided by
Bourgain ℓ1-index. Another approah is given by higher order spreading
models, studied extensively in mixed and modied mixed Tsirelson spaes.
The ℓ1-asymptotiity of higher order of a Banah spae an be measured by
onstants introdued in [19℄.
We present here an observation, in the spirit of the theorem of [17℄ realled
below, relating distortability of a Banah spae to the "proximity" to ℓ1
measured by the tools presented above.
Theorem 1.1. [17℄ Let X be a Banah spae. Then X ontains either
an arbitrarily distortable subspae or an ℓp (1 ≤ p < ∞) or c0-asymptoti
subspae.
Our main result states that a Banah spae with a basis, whose all blok
subspaes have Bourgain ℓ1-blok index greater than ω
α
, ontains either an
arbitrary distortable subspae or a ℓα1 -asymptoti subspae. In partiular
a spae saturated with ℓα1 -spreading models generated by blok sequenes
ontains either an arbitrary distortable subspae or an ℓα1 -asymptoti sub-
spae. We obtain as a orollary the theorem presented in [15℄. Analogous
results hold also in c0 ase. As a orollary we obtain that the "stabilized"
(with respet to blok subspaes) Bourgain ℓ1-blok index of a spae with
bounded distortion not ontaining ℓ1 is of the form ω
ωγ
for some non-limit
γ < ω1.
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2We reall now the basi denitions and standard notation. Let X be a
Banah spae with a basis (ei). A support of a vetor x =
∑
i xiei is the set
supp x = {i ∈ N : xi 6= 0}. We shall use also interval support of a vetor
x ∈ X - the smallest interval in N ontaining support of x and denote it by
supp x.
Given any x =
∑
i xiei and nite E ⊂ N put Ex =
∑
i∈E xiai. We write
x < y for vetors x, y ∈ X , if max(supp x) < min(supp y). A blok sequene
is any sequene (xi) ⊂ X satisfying x1 < x2 < . . . , a blok subspae of X -
any losed subspae spanned by an innite blok sequene. If Y is a blok
subspae of X spanned by a blok sequene (yi) then Yn, n ∈ N, denotes the
"tail" subspae spanned by (yi)i≥n and EY , E ⊂ N, denotes the subspae
spanned by (yi)i∈E.
A basi sequene (x1, . . . , xk) in a Banah spae is K-equivalent to the
unit vetor basis of k-dimensional spae ℓ1 (resp. c0), for some K ≥ 1, if
for any salars a1, . . . , ak we have K‖a1x1 + · · ·+ akxk‖ ≥ |a1| + · · ·+ |ak|
(resp. ‖a1x1 + · · ·+ akxk‖ ≤ Kmax{|a1|, . . . , |ak|}).
Denition 1.2. A Banah spae (X, ‖ · ‖) is λ−distortable, for λ > 1, if
there is an equivalent norm | · | on X suh that for any innite dimensional
subspae Y of X
sup
{ |x|
|y| : x, y ∈ Y, ‖x‖ = ‖y‖ = 1
}
≥ λ
A Banah spae X is arbitrary distortable, if it is λ−distortable for any
λ > 1.
A Banah spae X has D-bounded distortion, if for any equivalent norm
| · | and any innite dimensional subspae Y of X there is a further innite
dimensional subspae Z of Y suh that |x|/‖x‖ ≤ D|y|/‖y‖ for any non-
zero x, y ∈ Z. A Banah spae has bounded distortion if it has D-bounded
distortion for some D ≥ 1.
Notie that any Banah spae X ontains either an arbitrary distortable
subspae or a subspae with bounded distortion.
Given any M ⊂ N by [M ]<∞ denote the family of nite subsets of M .
A family F ⊂ [N]<∞ is regular, if it is hereditary, i.e. for any G ⊂ F ,
F ∈ F also G ∈ F , spreading, i.e. for any integers n1 < · · · < nk and
m1 < · · · < mk with ni ≤ mi, i = 1, . . . , k, if (n1, . . . , nk) ∈ F then
also (m1, . . . , mk) ∈ F , and ompat in the produt topology of 2N. If
F ⊂ [N]<∞ is ompat, let F ′ denote the set of limit points of F . Dene
indutively families F (α), α ordinal, by putting F (0) = F , F (α+1) = (F (α))′
3for any α ordinal and Fα = ⋂ξ<αF (ξ) for any α limit ordinal. Dene index
ι(F) = inf{α : F (α+1) = ∅}.
A tree on a set S is a subset of
⋃∞
n=1 S
n
suh that (x1, . . . , xk) ∈ T
whenever (x1, . . . , xk, xk+1) ∈ T , k ∈ N. A tree T is well-founded, if there
is no innite sequene (xi) ⊂ S with (x1, . . . , xk) ∈ T for any k ∈ N. Given
a tree T on S put
D(T ) = {(x1, . . . , xk) : (x1, . . . , xk, x) ∈ T for some x ∈ S}
Indutively dene trees Dα(T ): D0(T ) = T , Dα+1 = D(Dα(T )) for α
ordinal and Dα(T ) = ⋂ξ<αDξ(T ) for α limit ordinal. The order of a well-
founded tree T is given by o(T ) = inf{α : Dα(T ) = ∅}.
Let X be a Banah spae with a basis. A tree T on X is an ℓ1-K-blok
tree on X , K ≥ 1, if any (x1, . . . , xk) ∈ T is a normalized blok sequene
K-equivalent to the unit vetor basis of k-dimensional spae ℓ1. An ℓ1-blok
tree on X is an ℓ1-K-blok tree on X for some K ≥ 1.
Let Ib(X,K) = sup{o(T ) : T is a ℓ1-K-blok tree on X}, K ≥ 1. The
Bourgain ℓ1-blok index of X is dened by Ib(X) = sup{Ib(X,K) : K ≥ 1}.
Theorem 1.3. [10℄ Let X be a Banah spae with a basis not ontaining ℓ1.
Then Ib(X) = ω
α
for some α < ω1 and Ib(X) > Ib(X,K) for any K ≥ 1.
Remark 1.4. Reall the lose relation ([10℄) between Ib(X) and I(X) -
the original Bourgain ℓ1-index dened as blok index but by trees of not
neessarily blok sequenes: for I(X) ≥ ωω we have Ib(X) = I(X), if
I(X) = ωn+1, then Ib(X) = ω
n+1
or ωn, n ∈ N.
The generalized Shreier families (Sα)α<ω1 of nite subsets of N, intro-
dued in [1℄, are dened by the transnite indution:
S0 = {{n} : n ∈ N} ∪ {∅}
Suppose the families Sξ are dened for all ξ < α. If α = β + 1, put
Sα = {F1 ∪ · · · ∪ Fm : m ∈ N, F1, . . . , Fm ∈ Sβ, m ≤ F1 < · · · < Fm}
If α is a limit ordinal, hoose αn ր α and set
Sα = {F : F ∈ Sαn and n ≤ F for some n ∈ N}
It is well known that any family Sα, α < ω1, is regular with ι(Sα) = ωα,
onsidered as a tree on N satises o(Sα) = ωα, f. [1℄.
Fix α < ω1. A nite sequene (Ei) of subsets of N is α−admissible
(resp. α−allowable), if E1 < E2 < . . . (resp. (Ei) pairwise disjoint) and
(minEi) ∈ Sα.
4Let X be a Banah spae with a basis (en), x α < ω1. A nite sequene
(xi) ⊂ X is α-admissible (resp. α-allowable) with respet to the basis (en),
if (supp xi) is α-admissible (resp. α-allowable).
Denition 1.5. Fix α < ω1. Let X be a Banah spae with a basis (en).
A normalized blok sequene (xi) ⊂ X generates an ℓα1 -spreading model
with onstant C ≥ 1, if for any F ∈ Sα the sequene (xi)i∈F is C-equivalent
to the unit vetor basis of ♯F -dimensional spae ℓ1.
The spae X is ℓα1 -asymptoti (resp. ℓ
α
1 -strongly asymptoti) with on-
stant C ≥ 1, if for any α-admissible (resp. α-allowable) w.r.t. (en) sequene
(xi)
k
i=1 is C-equivalent to the unit vetor basis od k-dimensional spae ℓ1.
Obviously X is ℓα1 -asymptoti with onstant C i all normalized blok
sequenes in X generate ℓα1 -spreading model with onstant C. By the prop-
erties of Sα's, any blok subspae of an ℓα1 -asymptoti (resp. strongly as-
ymptoti) spae with onstant C is also ℓα1 -asymptoti (resp. strongly as-
ymptoti) with the same onstant. The relations between Bourgain ℓ1-blok
index and notions introdued above are desribed by
Proposition 1.6. Let X be a Banah spae with a basis. Fix α < ω1.
If X admits an ℓα1 -spreading model, then Ib(X) > ω
α
.
If X is an ℓα1 -asymptoti spae, then Ib(X) ≥ ωαω.
Proof. The rst part follows from Theorem 1.3 and the fat that o(Sα) = ωα.
The seond part follows from the proof of Theorem 5.19, [10℄. We reall it
briey. For any M,N ⊂ [N]<∞ put
M[N ] = {F1 ∪ · · · ∪ Fk : F1, . . . , Fk ∈ N , m1 ≤ F1 < · · · < mk ≤ Fk
for some (m1, . . . , mk) ∈M, k ∈ N}
Put [Sα]n = Sα[. . . [Sα]] (n times). If X is ℓα1 -asymptoti with onstant C,
then any normalized blok sequene (x1, . . . , xk) with (min(supp xi)) ∈ [Sα]n
is Cn-equivalent to the unit vetor basis of k-dimensional spae ℓ1. Sine
o([Sα]n) = ωαn, [1℄, therefore Ib(X) > ωαn for any n ∈ N, whih ends the
proof. 
Remark 1.7. The Denition 1.5 extends the well-known notions of ℓ1-asym-
ptoti spae (introdued in [17℄) and spreading model generated by a basi
sequene. The higher order ℓ1-spreading models were introdued in [11℄
and investigated in partiular in [4, 14, 15℄. The onstants desribing ℓ1-
asymptotiity of higher order were introdued and studied in [19℄. The term
ℓ1-asymptotiity of higher order was expliitly introdued in [9℄, where also
a riterium for arbitrary distortion in terms of ℓ1-spreading models was
given. The ℓp-strongly asymptoti spaes were introdued and studied in
5[6℄. Bourgain ℓ1-index and ℓ1-blok index of various spaes in relation to ex-
istene of higher order spreading models, distortability and quasiminimality
were investigated in partiular in [10, 12, 13, 14℄.
We shall need additional norms given by the ℓ1-asymptotiity of the spae:
Denition 1.8. Let U be a Banah spae with a basis. Fix α < ω1. If U
is ℓα1 -asymptoti with onstant C, dene an assoiated norm | · |α on U by
|x|α = sup
{
k∑
i=1
‖Eix‖ : E1 < · · · < Ek α− admissible, k ∈ N
}
, x ∈ U
If U is ℓα1 -strongly asymptoti, in the denition of assoiated norm we use
allowable sequenes instead of admissible ones. Clearly ‖·‖ ≤ | · |α ≤ C‖·‖.
Simpler versions of these norms were used to show arbitrary distortion
of the famous Shlumpreht spae, the rst Banah spae known to be
arbitrary distortable, these norms also distort some mixed and modied
mixed Tsirelson spaes [3, 4, 14℄.
2. Main result
Now we present the main result, whih shows that we an reverse the
impliation in Prop. 1.6 in spaes with bounded distortion.
Theorem 2.1. Let X be a Banah spae with a basis. Fix α < ω1. Assume
that Ib(Y ) > ω
α
for any blok subspae Y of X. Then X ontains either an
arbitrary distortable subspae or an ℓα1 -asymptoti subspae.
If, additionally, X is ℓ11-strongly asymptoti, then X ontains either an
arbitrary distortable subspae or an ℓα1 -strongly asymptoti subspae.
By Prop. 1.6 a Banah spae admitting in any blok subspae ℓα1 -spreading
models generated by normalized blok sequenes satises the assumptions of
the Theorem 2.1. We have also the following Corollary, implying Theorem
2.1, [15℄:
Corollary 2.2. Fix 1 < α < ω1. Let a Banah spae X with a basis admit
for any ξ < α in every blok subspae ℓξ1-spreading model generated by a nor-
malized blok sequene with a universal onstant C ≥ 1. Then X ontains
either an arbitrary distortable subspae or an ℓα1 -asymptoti subspae.
If, additionally, X is ℓ11-strongly asymptoti, then X ontains either an
arbitrary distortable subspae or an ℓα1 -strongly asymptoti subspae.
Proof. Assume X has no arbitrary distortable subspaes. If α = β + 1 for
some β < ω1, then by Theorem 2.1, there is a ℓ
β
1 -asymptoti subspae W
with some onstant C ≥ 1. By Prop. 3.2 [19℄ there is n0 ∈ N suh that
6F ∈ Sβ for any n0 ≤ F ∈ S1. Thus Wn0 is also ℓ11-asymptoti with onstant
C, and therefore also ℓα1 -asymptoti (with onstant C
2
).
If α is a limit ordinal, then by assumption Ib(Y ) > Ib(Y, C) ≥ ωα for
any blok subspae Y of X , and Theorem 2.1 ends the proof. The ase of
ℓ1-strong asymptotiity follows analogously. 
Remark 2.3. By Lemma 6.5, [10℄, (Remark 6.6 (iii)) the universal onstant
C (arbitrarily lose to 1) in the assumption of the Corollary 2.2 is automati
for α = ωγ, with γ limit ordinal.
Corollary 2.4. Let X be a Banah spae of bounded distortion with a basis,
not ontaining ℓ1. If Ib(Y ) = Ib(X) for any blok subspae Y of X, then
Ib(X) = ω
ωγ
for some non-limit γ < ω1.
Proof. Let Ib(X) = ω
α
. For any β < α, by Theorem 2.1, X has a ℓβ1 -
asymptoti subspae, thus by Prop. 1.6, Ib(X) > ω
β2
. Hene for any β < α
also β2 < α, thus α = ωγ for some γ < ω1. By Remark 5.15 (iii), [10℄, γ is
not a limit ordinal. 
Remark 2.5. Observe that any Banah spae X has a blok subspae Y with
Ib(Z) = Ib(Y ), for any blok subspae Z of Y . Indeed, either X ontains
ℓ1, or Ib(X) < ω1 ([5℄) and we an use standard diagonalization.
Remark 2.6. We ollet some known examples:
(i) Ib(X) > ω i 1 belongs to Krivine set of X , i.e. ℓ1 is nitely (almost
isometrially) represented on blok sequenes in X .
(ii) For any α < ω1 by Theorem 5.19, [10℄, and Prop. 1.6, any blok
subspae Y of the Tsirelson type spae T (Sα, 1/2) (whih is learly
ℓα1 -asymptoti) satises Ib(Y ) = ω
αω
, thus Ib(X) is of the form ω
ωγ+1
.
(iii) By Theorem 4.2, [2℄, mixed Tsirelson spae X = T [(Sn, θn)n], θn ց 0
ontains no ℓω1 -asymptoti subspae. On the other hand it was shown
in [14℄ that Ib(Y ) > ω
ω
for any blok subspae Y of X i any blok
subspae Y admits ℓω1 -spreading model. In suh a ase X is arbitrary
distortable. It holds in partiular if lim n
√
θn = 1.
(iv) In [13℄ Bourgain ℓ1-blok index of mixed Tsirelson spaes was om-
puted, as a onsequene it is proved that for any α not of the form
ωγ, γ limit ordinal, there is a Banah spae Xα with Ib(Xα) = ω
α
. In
partiular it was proved that (with a speial hoie of sequenes in
denition of Shreier families) Ib(T (Sβn, θn)n) is either ωωξ2 or ωωξ ,
where βn ր ωξ, ξ < ω1 suessor.
Proof of Theorem 2.1. We an assume that X has a bimonotone basis.
Assume X ontains no arbitrary distortable subspaes, and pik a blok
subspae Y of X with D-bounded distortion, for some D ≥ 1. We restrit
our onsideration to Y and use the transnite indution.
7Idea of the proof of the rst indutive step and limit ase of the seond
indutive step (the suessor ase is trivial) ould be desribed as follows:
we onsider equivalent norms, whose uniform equivalene to the original
norm would give asymptotiity of desired order. We "glue" the norms on
some speial vetors provided by high ℓ1-index of the spae (Lemmas 2.7
and 2.8), using methods standard now in the study of Tsirelson type spaes,
and by the bounded distortion of a spae we obtain a uniform equivalene
of these norms to the original one on some subspae.
First indutive step
The result for α = 1 follows from Theorem 1.1, but we present here a
shorter proof, whose idea was used in the proof of Theorem 1.1 given in [16℄,
and whose sheme will serve also in the next step. Dene new equivalent
norms on Y as follows:
‖y‖n = sup
{
n∑
j=1
‖Ejy‖ : E1 < · · · < En intervals
}
, y ∈ Y, n ∈ N
We reall a standard observation providing vetors "gluing" the original
norm and the new norms:
Lemma 2.7. Let U be a Banah spae with a bimonotone basis. Fix n ∈ N
and assume Ib(U) > ω. Then there is a vetor x ∈ U with 1/2 ≤ ‖x‖ ≤
‖x‖n ≤ 2.
Proof of Lemma 2.7. By Remark 2.6 (i) take a normalized blok sequene
(xi)
n2
i=1 ⊂ U whih is 2-equivalent to the unit vetor basis of n2−dimensional
ℓ1 and put x =
1
n2
∑n2
i=1 xi. Obviously ‖x‖ ≥ 1/2. Take any E1 < · · · < En
and put
I = {i : supp xi intersects Ej and Ej+1 for some j}
Sine ♯I ≤ n we have
n∑
j=1
‖Ej 1
n2
∑
i∈I
xi‖ ≤ n‖ 1
n2
∑
i∈I
xi‖ ≤ 1
We an assume that (Ej)
n
j=1 is a bloking of (supp xi)i 6∈I and hene
n∑
j=1
‖Ej 1
n2
∑
i 6∈I
xi‖ ≤ 1
whih ends the proof of the Lemma.
8Now we nish the proof of the rst indutive step. Applying bounded
distortability of Y and standard diagonalization pik a blok subspae Z of
Y suh that ‖y‖n/‖y‖ ≤ D‖z‖n/‖z‖ for any non-zero y, z ∈ Zn, n ∈ N.
Fix n ∈ N and take x ∈ Zn as in the Lemma 2.7. By the hoie of Z for
any y ∈ Zn we have ‖y‖n ≤ 4D‖y‖. By denition of norms ‖ · ‖n it follows
that
‖E1y‖+ · · ·+ ‖Eny‖ ≤ 4D‖y‖
for any y ∈ Z and n ≤ E1 < · · · < En intervals, n ∈ N, whih shows that Z
is ℓ11-asymptoti.
Seond indutive step
Take 1 < α < ω1 and assume now that the theorem holds true for all
ξ < α. If α = β + 1 for some β < ω1 then by indutive hypothesis there is
a blok subspae W of Y whih is ℓβ1 -asymptoti, and hene ℓ
α
1 -asymptoti.
If α is a limit ordinal pik (αn)n with αn ր α used in the denition of
Sα. By the indutive hypothesis we an pik a subspae W of Y suh that
W is ℓαn1 -asymptoti with some onstant Cn ≥ 1 for any n ∈ N.
Let | · |n, n ∈ N, denote the norm given by ℓαn1 -asymptotiity of W
(Def. 1.8). As before we will use some speial vetors in order to "glue"
the original norm and the new norms. Those vetors - so alled speial
onvex ombination, introdued in [3℄ - form the ruial tool in studying
properties in partiular of mixed and modied mixed Tsirelson spaes. In
order to onstrut the vetors on ℓ1-K-blok trees we will slightly generalize
the reasoning from Lemma 4, [12℄ (f. also Lemma 4.9, [4℄).
Lemma 2.8. Let U be a Banah spae with a basis. Fix η < ξ < ω1
and assume that U is ℓ11-asymptoti with a onstant C1, ℓ
η
1-asymptoti and
Ib(U,K) > ω
ξ
for some K ≥ 1. Then there is a vetor x ∈ U satisfying
1/K ≤ ‖x‖ ≤ |x|η ≤ 2C1.
The important part of the Lemma is the fat that the estimates of the
norms in the assertion do not depend on the ℓη1-asymptotiity onstant.
Proof of Lemma 2.8. Let U be ℓη1-asymptoti with onstant C2. Let T be a
ℓ1-K-blok tree on U with o(T ) > ωξ. We an assume that for any (xi) ∈ T
also any subsequene (xim) ∈ T . Put
F = {(m1, . . . , ml) ⊂ N : mi ≥ max(supp xi), 1 ≤ i ≤ l,
for some (x1, . . . , xl) ∈ T }
The family F is hereditary and either non-ompat or, by Prop. 13, [13℄,
ompat with ι(F) ≥ o(T ) > ωξ = ι(Sξ). Hene by Theorem 1.1, [7℄, there
is an innite M ⊂ N with
Sξ ∩ [M ]<∞ ⊂ F
9Using Prop. 3.6, [19℄, we get F ∈ Sξ ∩ [M ]<∞ and positive salars (am)m∈F
suh that
∑
m∈F am = 1 and
∑
m∈G am < 1/C2 for any G ∈ Sη with G ⊂ F .
By denition of F there is (xi) ∈ T suh that F = (m1, . . . , ml) with
mi ≥ max(supp xi) for 1 ≤ i ≤ l. Let x =
∑
mi∈F
amixi. Sine (xi) ∈ T ,
we have ‖x‖ ≥ 1/K.
Take now any η-admissible sequene E1 < · · · < Ek. Put
J =
{
j ∈ {1, . . . , k} : minEj ∈ supp xij for some ij
}
.
Let I = {ij : j ∈ J} and split the sum of the norms as follows
k∑
j=1
‖Ejx‖ ≤
k∑
j=1
‖Ej
∑
i∈I
amixi‖+
k∑
j=1
‖Ej
∑
i 6∈I
amixi‖
In order to estimate the rst part of the sum notie that G = {mij : j ∈ J}
belongs to Sη sine (minEj)kj=1 ∈ Sη and mij ≥ minEj for any j ∈ J .
Hene by ℓη1-asymptotiity of U and the hoie of salars (am) we have
k∑
j=1
‖Ej
∑
i∈I
amixi‖ ≤ C2‖
∑
i∈I
amixi‖ ≤ C2
∑
j∈J
amij ‖xij‖ = C2
∑
m∈G
am ≤ 1
On the other hand notie that for any i 6∈ I and j = 1, . . . , k we have
minEj < min(supp xi) whenever supp xi ∩ Ej 6= ∅. Therefore for sets
Ji = {j : Ej ∩ supp xi 6= ∅}, i 6∈ I, we have ♯Ji < min(supp xi). Hene for
any i 6∈ I the sequene (Ej ∩ supp xi)j∈Ji is 1-admissible and thus
k∑
j=1
‖Ej
∑
i 6∈I
amixi‖ ≤
∑
i 6∈I
ami
∑
j∈Ji
‖Ejxi‖ ≤
∑
i 6∈I
amiC1‖xi‖ ≤ C1
Putting those estimates together we obtain
∑k
j=1 ‖Ejx‖ ≤ 2C1 whih ends
the proof of Lemma.
Now we return to the proof of the seond indutive step. Take a blok
subspae Z of W suh that |y|n/‖y‖ ≤ D|z|n/‖z‖ for any non-zero y, z in
Zn, n ∈ N.
Sine Ib(Z) > ω
α
, then by Lemma 5.8, [10℄, Ib(Zn, K) ≥ ωα for some
K ≥ 1 and any n ∈ N.
Fix n ∈ N. Thus we an use Lemma 2.8 for U = Zn, η = αn, ξ = αn+1
getting a vetor x ∈ Zn with 1/K ≤ ‖x‖ and |x|n ≤ 2C1. Therefore, by the
hoie of Z, |y|n ≤ 2C1KD‖y‖ for any y ∈ Zn. Hene, by the denition of
the norms | · |n,
‖E1y‖+ · · ·+ ‖Eky‖ ≤ 2C1KD‖y‖, y ∈ Z
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for any αn-admissible sequene n ≤ E1 < · · · < Ek and any n ∈ N, i.e.
for any α-admissible sequene E1 < · · · < Ek, whih shows that Z is ℓα1 -
asymptoti.
The seond part of the Theorem an be proved in the same way, replaing
α-admissible sequenes by α-allowable sequenes. The rst indutive step
is provided by the assumptions on the spae, the seond indutive step fol-
lows analogously sine Lemma remains true if one hanges "asymptoti" to
"strongly asymptoti" and "admissible sequene" to "allowable sequene".
Indeed in the proof we were working only on (minEj), the fat that Ej 's
are suessive was used only when applying suitable asymptotiity of the
spae.
Remark 2.9. As it was mentioned before, the behavior of the norms applied
in the proof was used previously in the study of arbitrary distortable spaes:
(i) Norms (‖·‖n)n used in the rst step of the proof of Theorem 2.1 were
used in the proof of arbitrary distortion of the Shlumpreht spae
[20℄. It is known that suh norms give (2-ε)-distortion of Tsirelson
spae T [S1, 1/2] for any ε > 0.
(ii) In [18℄ it was proved that in ase of Tsirelson spae T = T (S1, 1/2)
the norms (‖ · ‖n)n given by ℓn1 -asymptotiity of T do not arbitrary
distort T ([18℄, Thm 2.1, Prop. 1.1). Reall that the blok ℓ1-
Bourgain index of any innite dimensional subspae of T is ωω.
(iii) In ase of the mixed and modied mixed Tsirelson spaes T [(Sαn , θn)n]
and TM [(Sαn , θn)n] studied in [3, 4, 14℄, the norms (‖ · ‖αn)n distort
the whole spaes under ertain onditions on (αn, θn)n. In [3, 4℄ the
speial onvex ombinations, whih we used in our proof, are applied
to produe an asymptoti biorthogonal system.
3. The c0 ase
We an formulate in a obvious way analogous denitions of the c0-blok in-
dex, denoted here by Jb(X), c
α
0 -spreading models and c
α
0 -asymptoti spaes
obtaining dierent measures of "proximity" of a Banah spae to c0. The
notion of c0-blok index was investigated in partiular in [10℄, in [8℄ higher
order c0-spreading models were used in onstrution of a stritly singular
operator on reexive ℓ1-asymptoti HI spae.
We will sketh here briey the variant of the reasoning presented in the
previous setion, proving the Theorem 2.1, and thus in partiular Corollary
2.2, in c0 ase.
Theorem 3.1. Let X be a Banah spae with a basis. Fix α < ω1. Assume
that Jb(Y ) > ω
α
for any blok subspae Y of X. Then X ontains either an
arbitrary distortable subspae or a cα0 -asymptoti subspae.
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If, additionally, X is c10-strongly asymptoti, then X ontains either an
arbitrary distortable subspae or an cα0 -strongly asymptoti subspae.
Proof. We shall need suitable norms reeting c0-asymptotiity of a spae.
Denition 3.2. Let U be a Banah spae with a basis. Fix α < ω1 and
assume U is cα0 -asymptoti with onstant C. The assoiated norm | · |α is
given by |x|α = sup{|φ(x)| : φ ∈ U∗, |φ|∗α ≤ 1}, x ∈ U , where
|φ|∗α = sup
{
k∑
i=1
‖φ|EjU‖∗ : E1 < · · · < Ek α− admissible
}
, φ ∈ U∗
As before, if U is cα0 -strongly asymptoti, in the denition of assoiated
norm we use allowable sequenes instead of admissible ones.
Remark 3.3. Clearly ‖ · ‖∗ ≤ | · |∗α ≤ C‖ · ‖∗ and |x|α ≤ max{‖Ejx‖ : 1 ≤
j ≤ k} for any x ∈ U and α-admissible E1 < · · · < Ek.
As before, we will restrit the onsideration to the ase where X has a
blok subspae Y with D-bounded distortion.
First indutive step
Dene on Y ∗ new equivalent norms as follows:
‖φ‖∗n = sup
{
n∑
j=1
‖φ|EjY ‖∗ : E1 < · · · < En intervals
}
, φ ∈ Y ∗, n ∈ N
Let ‖y‖n = sup{|φ(y)| : φ ∈ Y ∗, ‖φ‖∗n ≤ 1}, y ∈ Y , n ∈ N.
Lemma 3.4. Let U be a Banah spae with a bimonotone basis. Fix n ∈ N
and assume Jb(U) > ω. Then there is a vetor x ∈ U with 1/2 ≤ ‖x‖n ≤
‖x‖ ≤ 2.
Proof of Lemma 3.4. Take a normalized blok sequene (xi)
n2
i=1 ⊂ U whih
is 2-equivalent to the unit vetor basis of c0 spae of dimension n
2
and put
x =
∑n2
i=1 xi. Obviously ‖x‖ ≤ 2. Sine the basis is bimonotone we an
take normalized funtionals (φi)
n2
i=1 ⊂ U∗ with φi(xi) = 1, φi(y) = 0 for any
y ∈ U with supp y ∩ supp xi = ∅, 1 ≤ i ≤ n2. Put φ = 1n2
∑n2
i=1 φi. Sine
φ(x) = 1 it is enough to show that ‖φ‖∗n ≤ 2. Take any E1 < · · · < En,
dene the set I exatly as in the proof of Lemma 2.7 and proeed omputing
norms of φi|EjU instead of Ejxi. The seond estimate follows from the fat
that by the hoie of (φi) for any i 6∈ I there is at most one 1 ≤ j ≤ n with
φi|EjU 6≡ 0.
Coming bak to the proof of the rst indutive step take a blok subspae
Z of Y suh that ‖y‖n/‖y‖ ≤ D‖z‖n/‖z‖ for any non-zero y, z ∈ Zn and
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any n ∈ N. For a xed n ∈ N take x ∈ Zn as in the Lemma 3.4 and get
4D‖y‖n ≥ ‖y‖ for any y ∈ Zn. It follows that
‖y‖ ≤ 4D max
j=1,...,n
‖Ejy‖
for any y ∈ Y and n ≤ E1 < · · · < En, n ∈ N, whih shows that Z is
c10-asymptoti.
Seond indutive step
Take 1 < α < ω1 and assume that the theorem holds true for all ξ < α.
If α = β + 1 for some β < ω1 then by indutive hypothesis there is a blok
subspae W of Y whih is cβ0 -asymptoti, and hene also c
α
0 -asymptoti.
If α is a limit ordinal take (αn)n with αn ր α used in the denition of
Sα. By the indutive hypothesis we an pik a subspae W of Y suh that
W is cαn0 -asymptoti with some onstant Cn ≥ 1 for any n ∈ N.
Let | · |n and | · |∗n denote the norms on spaes W and W ∗ given by the
cαn0 -asymptotiity of W . We need the following analogon of Lemma 2.8:
Lemma 3.5. Let U be a Banah spae with a bimonotone basis. Fix ordinals
η < ξ < ω1 and assume that U is c
1
0-asymptoti with a onstant C1, c
η
0-
asymptoti and Jb(U,K) > ω
ξ
for some K ≥ 1. Then there is a vetor
x ∈ U with 1/2C1 ≤ |x|η ≤ ‖x‖ ≤ K.
Proof of Lemma 3.5. Let U be cη0-asymptoti with onstant C2. Proeed as
in the proof of Lemma 2.8, obtaining normalized blok sequene (xi)
l
i=1 in
a c0-K-blok tree, a set F = (m1, . . . , ml) ∈ Sξ with mi ≥ max(supp xi),
1 ≤ i ≤ l and suitable positive salars (am)m∈F .
Pik normalized funtionals (φi)
l
i=1 ⊂ U∗ with φi(xi) = 1, φi(y) = 0 for
any y ∈ U with supp y ∩ supp xi = ∅, 1 ≤ i ≤ l. Put x =
∑l
i=1 xi and
φ =
∑l
i=1 amiφi. Then ‖x‖ ≤ K. Sine φ(x) = 1 it is enough to show that
|φ|∗η ≤ 2C1.
Take any η-admissible sequene E1 < · · · < Ek, dene the sets J , I and
Ji, for i 6∈ I, exatly as in the proof of Lemma 2.8 and proeed omputing
norms of φi|EjU instead of Ejxi. To estimate
∑k
j=1 ‖(
∑
i∈I amiφi)|EjU)‖∗ use
Remark 3.3. To estimate
∑k
j=1 ‖(
∑
i 6∈I amiφi)|EjU)‖∗ use Remark 3.3 and
the fat, that φi|EjU ≡ 0 whenever j 6∈ Ji.
Now we return to the proof of the seond indutive step. Take a blok
subspae Z ofW suh that |y|n/‖y‖ ≤ D|z|n/‖z‖ for any non-zero y, z ∈ Zn,
n ∈ N.
Sine Jb(Z) > ω
α
, then Jb(Zn, K) ≥ ωα for some K ≥ 1 and any n ∈ N
(it is easy to hek that Lemma 5.8 [10℄ is valid also in c0 ase). Fix n ∈ N
and use Lemma 3.5 for Zn, αn, αn+1 getting x ∈ Zn with 1/2C1 ≤ |x|n ≤
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‖x‖ ≤ K. It follows that ‖y‖ ≤ 2C1KD|y|n for any y ∈ Zn and thus
‖y‖ ≤ 2C1KD max
j=1,...,k
‖Ejy‖
for any y ∈ Y and α-admissible E1 < · · · < Ek, hene Z is cα0 -asymptoti.
The part for cα0 -strongly asymptoti spaes follows easily as in the ℓ1
ase. 
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